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Article Info Abstract

In this paper, we have theoretically studied well-organized third order

numerical technique of IVP of ODE including partial derivative that has

improved its competency in light of truncation error. Theoretically, integrator
method of local truncation error and convergence is studied, to determine

This article is an open how precise and trustworthy proposed method is. Expansion of the series of
access article Taylor is carried out that offers suitable pattern to expand and analyze
distributed under the function evaluation. Local truncation error, aiding with the series developed
by Taylor, is an explicitly stated error to explain the order of accuracy. Linear
standard test is taken in calculating the stability. Knowing behavior of method
is explored under the stability. MATLAB2023a software is used to draw
stability region. Stability region is also visualized to verify that the numerical
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license method has a solution that is limited when used repeatedly and very
https://creativecommon  frequently. Consistency is demonstrated that informs us that error decreases
s.org/licenses/by/4.0 to zero as much as we shrink step size which ensures desired outcome.

Convergence criteria are theoretically discussed here by proving consistency
and stability. Theoretical results proving that the numerical method is stable,
achieves high accuracy and provides a reliable performance. Hence, method
is effective and can be used in the general class of [VP that occur in the field
of ODE.
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1. INTRODUCTION

ODEs play a very important role in the development of modeling that occurs in science,
engineering, physics, biology and economics. Initial value problems have analytical solutions that
are either intractable or in closed form to many real-world problems. This has led to the use of
numerical methods as an inseparable part of the approximation of the solutions of such equations.
To formulate trustworthy numerical schemes, it is not only necessary to have computational
efficiency but also a thorough grasp of their theoretical characteristics such as accuracy and
stability. Error analysis is a basic element in the investigation of numerical methods. Analysis of
error gives information about the impact of discretization on the accuracy of the solution and
enables comparing various numerical schemes. It is traditional, in this regard, to differentiate local
and global errors. The local truncation error (LTE) is the error that is introduced by the numerical
method on a single step, where the previous steps are considered to be accurate. It can be used as
a major indicator of ranking the accuracy. In particular, given that the LTE is expected to behave
as O(h"(p+1) ) then the derivation and analysis of the LTE is critical to the construction of high-
accuracy numerical methods. Intimately related to analysis of errors is the idea of consistency,
which ensures that the consequence approximate method is a faithful representation of the
underlying differential equation as the step size approaches zero. Consistency ensures that the
discrete scheme is an accurate approximation of the continuous problem, and is a component of a
convergence necessity. But consistency is not enough to guarantee reliable numerical results. The
other crucial property is that of stability, which addresses the action of the numerically errors
during the iterative process. Stability guarantees that errors, due to truncation, round off, or initial
condition perturbations, will not grow exponentially with the advancement of the computation.
This is especially important in the case of stiff problems or long-term integration. One of the
widely used methods to investigate stability is founded on the use of a standard linear test equation.
By doing so, the so-called stability function, which defines the propagation of errors between steps,
is obtained. Such an analysis leads to the notion of the stability region. It is the collection of values
in the complex plane of which the numerical solution is bounded. The geometry and size of the
stability region give valuable information regarding the size of the acceptable step sizes and the
soundness of the method. Techniques that have wider stability regions tend to be desirable,
particularly tight or highly oscillatory problems, because they can allow larger steps to be taken
without loss of stability. The final aim of method is that convergence should be achieved, that is,
the numerical solution should approach the exact solution when the step size tends to zero.
Convergence is a crucial condition to the validity of a numerical scheme. In numerical analysis, a
long-standing rule is that consistency with stability (under appropriate conditions) entails
convergence. The significance of proving both properties in the analysis of a numerical method is
brought out by this relationship. Based on these reflections, the formulation of useful and robust
numerical schemes stipulates a holistic approach that entails the integration of error analysis,
consistency, stability, and convergence. In this paper, we concentrate on the systematic exploration
of these properties to a method aimed at solving ODE’s. The derivation of the LTE to obtain the
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order of accuracy, consistency verification, detailed stability analysis by building the stability
function, and characterization of the stability region respectively, are included in the analysis.
Lastly convergence is achieved through a combination of consistency and stability.

2. MATERIALS AND METHODS

Many numerical methods have designed to attain the estimated consequences of IVP’s for
differential equation in nature ordinary. We can consider general function form:

dy

Ezf(xn’yn)’ y(XO):yO ;xe[a’b] (1)
Interval we have given as [a,b] is parted into a m uniform parts, x;, = a + kh, (k = 0,1,2,3,...m)
, the step size is h = x;,1 — Xxi. Solve the function y(x) in a discrete series equidistant node
Xm—1 < X, to attend approximate values y,,,_1 < Vi, -

Generally, function of two space variable also familiar as a derivative of the dependent variable
regarding to independent has been calculated through integrating (1)

yn+1 :yn +J:)0+hf(xn’ yn)dx

Many equations named differential don’t reach to the solution such as particular and analytical. To
deal with such difficulty new innovations take place in numerical analysis. Best advantage of
numerical scheme is that these have better performance than analytical. Researchers’ day by day
are trying to innovate many methods to obtain better consequences. But still huge number of works
is needed to understand proper behaves of method. Researchers and scholars are out on the field
of innovation to hone their skills. Many of them have also done a great job to construct and
modified new methods. Kandhro [2] has Integrator Method which is

Wl :f('xn’yn)
W2:f xn+%7yn+hvvl Z_3h.]p

3 3 7

2h 5 3 21
w3:f(xn+?,yn—ghwl+5hw2+7h2wlfy) (2)

Y1 =V, + %(3“’1 + 7w, + 2W3)

This is newly Iterative Integrator Explicit Method Present in [2] having three function evaluations
per time step.

3. ERROR ANALYSIS

It is main purpose to solve ordinary differential equation numerically to attain results which are as
close as possible to the exact solution. Two sources of error which affect the accuracy of numerical
method named as round-off (RO) and truncation (TR). Round-off error takes the place when
computers can only stock numbers with limited precision and TR arises because mathematical
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procedures are approximated (e.g., by deserting higher-order terms). An accuracy can totally rely
on blunder what size of step size is taken. We consider Taylor’s series for two variables up to the
fourth power of step size h, we have

AR TS VAR (AT PRETAAS Y eevaa

1 1 1 1
St B +3 S ASS SN <SSy = oS+
| 24 24 8 24 N O(hsl o)

IR AR R (RN

The local truncation error is an error which spawned in a unique step of the proposed improved
scheme that is documented as L,,,, were

Lpy1 = G(x+h) — Yymy1 4)
Where G (x + h) is the solution obtained by Taylors’s Series and y,, is used as an approximate
solution. Taylor series is utilized to expand these around x and similar terms collect in h. Now we
expand proposed Integrator explicit Method present in eqn (2) up to h*, we get

21 1 |1 1 1 Loy, 1

Vs = V(x)+Hf +h {Efﬁrafyf}h {6fxx+3[fxy+2fyyf+2fy f+ 6f,cfy}
1

+ht 27

7 , 2 3 1 1
+ — + — - = + — + —
2l St 2l St 2 A 2l ST 5 SoS o

2 4 1 1 l
e =S A= L =SS+ = S
9 3 9 27 N O(hs) (5)

Subtract (5) from (3). The proposed scheme has a local truncation error that is:

Fond 2L S S A S

L. =— (mfj +3fxfyy—3fyfw—?fxyy+%fmjf Kt +o(n’) (6)

9SS +3 Sy =3 S+ S

The local truncation error (LTE) often calls with name "discretization error per time step", which
helps to evaluate the order of accuracy. From LTE it is observed, LTE has 4rth order then the
proposed Integrator Method in [2] has one less than the LTE in order. Therefore, the proposed
Integrator Method has third order of accuracy.
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4. CONSISTENCY ANALYSIS

Definition 4.1 NM together IVP with an increment function n(xn, y,,;h) is accepted to be
consistent, if ]}jmon(xn, yih)=f(x,,v,)

Consistency of the numerical methods tells local truncation error (LTE) tends to zero as the step
size decreases or h — 0. Therefore, newly proposed scheme has increment function as

1
77( n’yn’h) B (3W1 +7w, +2W3)

Proceeds lhnr}) on both side

. 1.
Eg})n(xn,yn,h)=akg})(3wl +7W2 +2W3)

3f(xn,yn)+4f(xn +23—h,yn +hwl[§—3hfyD+

_ % fim
- Zh 5 3 21
5 ——hw, +=hw, +
S ( 3 > Vn 6 ) ) T 2 1f j
= f(xn > yn )
Hence, the Proposed Integrator Method [2] is proven to be consistent with at least third order

accuracy.

5. LINEAR STABILITY ANALYSIS

Dahlquist’s test problem is to be considered for verifying the stability of the Method in [2]

d
—dy =gy(x) ¥0)=y,, geC
X

Whereas q is a complex constant i.e, g € C.
After executing Method (2) on this test, we attain

=qY,

W, :qn|:yn +§hwl _3h2W1fy};

= o 1+ 200)- 300 b s, =

W, :qn{yn —%hwl + ;hw2 +—h w, f

= w, = qy,[H (hq)+%( q)" - (hq)ﬂ

Substituting above all values in (2) in right side of y,,,, we get
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Yt =¥, +(hq)y, +%(M)2 Y, +é(hq)3 v, —%(hq)“ Y,
Factor y,;

Vi = 1, R()

R()=1+(hg)+ (ha) + - (hq) - (g

This is Stability Function R(z) for iterative integrator method in [2] which reflects the third-order

accuracy of the method. When errors are introduced then linear stability is checked to know how
numerical method behaves. In particular, it expresses that whether those errors decay, remain
bounded, or grow uncontrollably during the computation. Stability controls error propagation.

6. REGION OF ABSOLUTE STABILITY

Region of Integrator method is calculated and plotted in MATLAB. A complex grid of values z =
x + iy is generated, and the stability function R (z) is evaluated over this domain. The set of points
satisfying |R(z)| < 1 is identified and plotted to illustrate the stability region in the complex plane.

3Figure 1. The 2D Stability Region for Proposed Method

-3

2 1 Real@? 1 2

This stability region is a fundamental concept used to determine whether a numerical method
produces bounded solutions when applied repeatedly. Figure 1 illustrates the two-dimensional
region of absolute stability for the proposed numerical method in the complex plane. The real part
Re(z) is demonstrated on horizontal line of axis, while the imaginary part Im(z) is demonstrated
on vertical axis of line, where z = hq. The white (unshaded) regions indicate the set of values for
which the stability condition |R(z)| < 1 is satisfied. These regions represent the domain when
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solution approximately remains stable and keep bounded. The orange (shaded) region corresponds
to values of z for which |R(z)| < 1 indicating instability, where numerical errors may grow
exponentially.

7. CONVERGENCE OF THE METHOD

A method is to be numerically convergent when both consistency and stability justified. The
necessary condition for convergence of a numerical method is consistency, which guarantees that
the local discretization error vanishes as step-size very nearly approaches zero. However,
convergence is achieved only when consistency is combined with stability. Therefore, above said
words the accelerated proposed method is converges.

8. CONCLUSION

In this work, the construction and detailed mathematical analysis of a numerical method for solving
initial value problems of ordinary differential equations. We theoretically examined well-
organized third order numerical technique for IVP of ODE’s including partial derivative which
has enhanced its competency regarding truncation error. The main focus is not here to derive
scheme but here is justify its theoretically behave which is analyzed by systematic investigation of
error and convergence. The LTE has derived perfectly which endorsing accuracy by identify its
order. Stability is investigated for knowing behavior of method. Stability region is envisioned to
check numerical method possess a bounded solution when applied frequently and repeatedly.
Convergence criteria theoretically discussed here by proving consistency and stability.
Theoretically findings showing that the numerical method is stable, attains high accuracy and gives
reliable performance. Therefore, method is efficient and applicable for extensive class of IVP
arising in the area of ODE’s.
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