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Abstract 

In this research, we investigate a popular Black-Scholes model in terms of a 

full financial sector system, where choices are valued and assessed. The 

Crank–Nicolson finite difference technique (FDT) is used to offer a 

numerical solution for the coupled partial differential equation (PDE). The 

accuracy and stability features of the suggested method, as well as its ease of 

use, are the basis for its growth. The usefulness of the approach for the given 

situation is assessed by numerical experiments, and the validity of the Crank–

Nicolson technique in estimating option pricing is confirmed by analyzing 

the calculated results. The results show that the suggested approach is useful, 

computationally effective, and appropriate for resolving financial PDEs, 

particularly when simplicity and convenience of use are crucial. 
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1. Introduction: 

The valuation of financial derivatives, and in particular options, is one of the most important topics 

of computational finance. In 1973, Fischer Black and Myron Scholes presented the renowned 

Black–Schales model [1] that provided a mathematical framework for option pricing (European) 

using the method of partial differential equations (PDE). 

 Since it was introduced, the Black–Schale’s equation has been fundamental in financial 

mathematics, and has inspired a lot of research in both analytical and numerical solution methods. 

The Black-Scholes model is based on the following assumptions: The underlying asset is assumed 

to have constant interest rate and volatility, and the price of the underlying asset moves in a random 

way. The value of an option under these assumptions is a solution of the parabolic partial 

differential equation that does not usually have closed-form analytical solutions for all types of 

options and boundary conditions. In this way, there are many practical applications which widely 

use numerical methods [2, 3]. 

The finite difference methods (FDM) are among the most popular numerical techniques due to 

their simplicity, stability and effectiveness in approximating solutions to Pes [11, 12]. One of the 

most popular finite difference methods to solve a parabolic PDE is the Crank–Nicolson method. 

This approach has the good features of both explicit and implicit schemes, second-order accurate 

in both time and space and numerically stable [7, 11]. Because they make the Crank–Nicolson 

method very popular numerically in option pricing problem in context of the Black – Schale’s 

equation.  

This technique is a time and asset price discretization, and transforms the continuous PDE into a 

set of algebraic equations which can be solved iteratively. In the last few years, there have been 

several researchers working on numerical approaches and predictor–corrector methods to financial 

PDFs. The linearly implicit predictor–corrector (PICR) schemes for reaction–diffusion equations, 

developed by Khaliq and Voss [4] influenced on the design of stable numerical solution to the 

financial model equations. Hilbert [9] continued to study the predictor–corrector methods for 

option pricing. Similarly, Dura and Mosneagu [6] presented on numerical solutions of the Black-

Schales equation; and emphasized the need of efficient discretization approaches in computational 

finance. Stochastic calculus and stochastic processes have a strong connection to the mathematical 

basis of the Black–Schales model. The modelling of the dynamics of asset prices is based on the 

theory of stochastic processes, as have been developed by researchers such as David Nualart [5]. 

 Besides, the classical Black-Schols framework has been extended to investigate the stochastic 

volatility and long-memory model which can better describe the real markets [8]. Thanks to the 

modern developments in numerical analysis, there are improvements in Crank–Nicolson-based 

technique as well. The modified Crank–Nicolson methods have been proven to be effective for 

solving linear PDFs by Sharma [14] and variational quantum Crank–Nicolson methods have been 

studied for solving initial value problems in recent years by Guzman-Cajica [13].  

The studies show the ongoing applicability and versatility of the Crank–Nicolson framework in 

scientific computing and financial mathematics. This paper is intended to look into the 
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implementation of Crank–Nicholson finite difference method for the Black-Scholes equation. The 

major part of the paper is devoted to the construction of the numerical scheme, the realization of 

the boundary and initial conditions, the stability and accuracy analysis of the numerical scheme 

used for pricing European options. This method is stable and will provide an accurate estimation 

of the price of options, which can be done in an efficient manner with the Crank–Nicolson 

technique, and therefore is suitable for computational finance applications to the real world. 

2.Black-Scholes PDE (Partial Differential Equation)  

The pricing function of a European call a given option, represented as 𝐹(𝑡, 𝑦), can be used to 

determine the ideal hedging portfolio whenever the wealth process 𝑋(𝑡) is seen as a semi-

martingale. Consequently, the wealth process can be written as: 

In following Ito’s rule is utilized 

𝜕

𝜕𝑡
𝐹[𝑡, 𝑠[𝑡]] + 𝛾𝑆[𝑡]

𝜕

𝜕𝑦
𝐹[𝑡, 𝑠[𝑡]] +

1

2

𝜕2

𝜕𝑦2 𝐹[𝑡, 𝑠[𝑡]] 𝜎2 𝑆2 [𝑡] − 𝛾. 𝐹[𝑡, 𝑠[𝑡]] = 0 , 

 
𝜕𝐹

𝜕𝑡
+

1

2
𝜎2𝑆2 𝜕𝐹2

𝜕𝑆2 + (𝛾 − 𝑞)𝑆
𝜕𝐹

𝜕𝑆
− 𝛾. 𝐹 = 0           

 Above is known as so-called Black-Schole-Merton PDE for which boundary is: (𝑡, 𝑠[𝑡]) =

(𝑠[𝑡] − 𝑘)+ . 

There are so many variations connected to the deviations that can be connected with the basic 

variable. Based on the understanding of the condition, the specific subsidiary which will be 

acquired depends on the limit conditions used. 

Crank Nicolson Standard 

Thus, the beginning value of the option can be found by applying the numerical technique 

given in the equation and solving it backward in time using the payout conditions at the 

maturity time T. Since the necessary values are already known from the previous time step, 

the scheme is explicit, meaning that no system of algebraic equations needs to be solved. 

There is a convergent subsequence of the sequence if the following statement is true: 

 0 < ∆𝑡 <
1

𝜎2(𝑁−1)+
1

2
𝑟
. 
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Fully implicit technique needs to pull in focal points – genuine steadiness , anyway, it could 

bring about superfluous computational many-sided quality to value a choice.  

One other better method to value alternative, however, is the Crank-Nicolson technique (C-N), 

possibly a cross section in between the unequivocal approach and the completely certain 

approach.  

If we assume the C-N thought with respect to the BS, then we obtain the set of corresponding 

lattice condition: 

 

𝜕𝐹

𝜕𝑆
|
(𝑆𝑖,𝑡𝑛+1)

= (
𝐹𝑖+1

𝑛+1−𝑉𝑖−1
𝑛+1

2ℎ
+

𝑉𝑖+1
𝑛 −𝐹𝑖−1

𝑛

2ℎ
) + 𝑂ℎ2,   

 
𝜕2𝐹

𝜕𝑆2|
(𝑆𝑖,𝑡𝑛+1)

= (
𝐹𝑖+1

𝑛+1+𝐹𝑖−1
𝑛+1−2𝐹𝑖

𝑛+1

ℎ2 +
𝐹𝑖+1

𝑛 +𝐹𝑖−1
𝑛 −2𝐹𝑖

𝑛

ℎ2 )𝑂ℎ2, 

 
𝜕𝐹

𝜕𝑡
|
(𝑆𝑖,𝑡𝑛+1)

=
𝐹𝑖

𝑛+1−𝐹𝑖
𝑛

∆𝑡
+ 𝑂ℎ2, 

Once more, we examine the Black-Scholes equation and demonstrate an implicit numerical 

scheme using it. 

𝜕𝐹

𝜕𝑡
+

1

2
𝜎2𝑆2 𝜕𝐹2

𝜕𝑆2
+ (𝛾 − 𝑞)𝑆

𝜕𝐹

𝜕𝑆
− 𝑟. 𝐹 = 0,        

i.e.  

𝐹𝑖
𝑛+1 − 𝐹𝑖

𝑛

∆𝑡
+

1

2
𝜎2(𝑖ℎ)2

1

2
(
𝐹𝑖+1

𝑛+1 + 𝐹𝑖−1
𝑛+1 − 2𝐹𝑖

𝑛+1

ℎ2
+

𝐹𝑖+1
𝑛 + 𝐹𝑖−1

𝑛 − 2𝐹𝑖
𝑛

ℎ2
) + 

               (𝛾 − 𝑞)𝑖ℎ
1

2
(
𝐹𝑖+1

𝑛+1−𝐹𝑖−1
𝑛+1

2ℎ
+               

𝐹𝑖+1
𝑛 −𝐹𝑖−1

𝑛

2ℎ
) −

1

2
𝛾(𝐹𝑖

𝑛 + 𝐹𝑖
𝑛+1) = 0,       4.10 

we rewrite as:  
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 (1 + 𝜎2𝑖2∆𝑡 + 𝑟∆𝑡)𝐹𝑖
𝑛 − (

1

2
𝜎2𝑖2 +

1

2
𝑟𝑖) ∆𝑡𝐹𝑖+1

𝑛 − (
1

2
𝜎2𝑖2 +

1

2
𝑟)∆𝑡𝑉𝑖−1

𝑛 − 𝑟𝐹𝑖
𝑛+1 = 0.      4.11 

Let 

𝛼𝑖 =
1

4
(𝜎2𝑖2 − 𝛾𝑖)∆𝑡      𝑖 = 2,3, … . . , 𝑁 − 2, 

𝛽𝑖 = −
1

2
(𝜎2𝑖2 + 𝛾)∆𝑡     𝑖 = 0,1,2,3, … . . , 𝑁 − 1, 

𝛾𝑖 =
1

4
(𝜎2𝑖2 + 𝛾𝑖)∆𝑡       𝑖 = 1,2,3, … . . , 𝑁 − 1, 

 𝐶𝐶 =

[
 
 
 
 

1 − 𝛽1      − 𝛾1      0    …           0
−𝛼1      1 − 𝛽2       − 𝛾2                 ⋮

0      ⋱       𝑑3     ⋱          0
⋮          ⋱              ⋱         −𝛾𝑁−1

0    …     …    − 𝛼𝑁−2  1 − 𝛽𝑁 ]
 
 
 
 

 , 𝐷𝐷 =

[
 
 
 
 
1 + 𝛽1        𝛾1      0    …        0
𝛼1         1 + 𝛽2      𝛾2               ⋮
0    ⋱         𝑑3        ⋱          0
⋮       ⋱              ⋱           𝛾𝑁−1

0         …        𝛼𝑁−2   1 + 𝛽𝑁 ]
 
 
 
 

  ,   

               𝐾 =

[
 
 
 
 
𝛼0. 𝑉0

𝑛+1

0
0
⋮

𝛾𝑁 . 𝑉𝑁
𝑛+1]

 
 
 
 

, 

then     

 𝐶𝐶. 𝐹𝑖
𝑛+1 = 𝐷𝐷. 𝐹𝑖

𝑛 + 𝐾, 

 𝐹𝑖
𝑛+1 = (𝐶𝐶)−1(𝐷𝐷. 𝐹𝑖

𝑛 + 𝐾).                  4.13 

 

By calculating 𝐹𝑖
𝑛 , there appeared 𝐹𝑖

𝑛+1 for time t.  Here two expressions  𝐹𝑖−1
𝑛   and 𝐹𝑖+1

𝑛  are 

given at time t. Hence, for every time step, the number of equations and the number of 

unknowns are both equal. The pay-off condition at time T will not be                         enough, 

two more boundary conditions are required in order to be able to solve the system. Usually we 

obtain these additional equations using the boundary conditions i.e. by having the value of the 

option for all the time steps at the stock price  S=0 and  S=S_max : 𝐹0
𝑛  and 𝐹𝑀

𝑛    ∀n . Then 

we've got the system under a matrix of the form  

This is a Crank Nicolson scheme, as we have to solve a set of algebraic equations which are 

very time consuming. However, this is a scheme that is unconditionally convergent. Hence this 

type of methods very interesting due to their stability in spite of the computational efficiency 

will be loss. 

Nonlinear partial differential equation Black-Scholes Finite difference Technique is used, 

Black-Schols (Crank Nicolson Technique) and (Crank Nicolson Technique) 

 

 Exact solution by Black-Scholes option pricing formula 
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The European Black-Scholes option pricing formula provides a precise solution for the 

European call option problem, especially when the interest rate and volatility stay constant. 

 

 𝐹𝑐(𝑡, 𝑦) = 𝑦ψ(𝐷1) − 𝑘𝑒−𝑟(𝑇−𝑡)ψ(𝐷2).          

 

the standardized normal random variable, Where Φ(. )

 

 is the cumulative distribution 

function for given by  

 ψ(𝑥) = ∫
1

√2𝜋
𝑒−

𝑢2

2 𝑑𝑢
 𝑥

−∞
,             

 𝐷1 =
1

𝜎√𝑇−𝑡
[𝑙𝑛

𝑦

𝑘
+ (𝑟 +

𝜎2

2
) (𝑇 − 𝑡)], 

 𝐷2 =
1

𝜎√𝑇−𝑡
[𝑙𝑛

𝑦

𝑘
+ (𝑟 −

𝜎2

2
) (𝑇 − 𝑡)]. 

1. Problem:  

The current stock price for an option is 32 $. The existence price for the maturity period 

of 6 months is $20, interest rate risk free is 20% per anum, volatility of the stock is 80% per 

anum. Let the option is a European call option then find value of it. 

Data: 

S=32, r=0.2, k=20,  T=0.5, 𝝈 = 𝟎. 𝟖 

Comparison, Numerical Results and their Graphs 

S=32, r=0.2, k=20,  T=0.5, 𝝈 = 𝟎. 𝟖 

Call 
Option 
Value 

 P=10,  Q=100 P=100, Q=1000 P=200,  Q=10000 

Exact  𝟎. 𝟏𝟒𝟗𝟑𝟑𝟒𝟖𝟒𝟑𝟓𝟏𝟖𝟑𝟔𝟎 𝟎. 𝟏𝟒𝟗𝟑𝟑𝟒𝟖𝟒𝟑𝟓𝟏𝟖𝟑𝟔𝟎 𝟎. 𝟏𝟒𝟗𝟑𝟑𝟒𝟖𝟒𝟑𝟓𝟏𝟖𝟑𝟔𝟎 

Crank-
Nicolso
n 
Scheme 

 𝟎. 𝟎𝟗𝟕𝟖𝟗𝟐𝟏𝟕𝟎𝟏𝟓𝟒𝟔𝟔𝟖 𝟎. 𝟏𝟎𝟑𝟗𝟏𝟖𝟐𝟒𝟕𝟐𝟑𝟖𝟏𝟕𝟐 𝟎. 𝟏𝟎𝟒𝟗𝟔𝟎𝟔𝟑𝟖𝟏𝟒𝟐𝟒𝟓𝟒 

Exact Solution       Crank Nicolson 

Iterations: q= 10, P=100, 100 iterations 
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Solution of crank Nicloson    Solution of Crank Nicoloson  

Iterations: q= 100, p=100, 100th iteration  Iterations: , q=100,p=100, 1000   iteration 

 

2. Problem:  

3. The current stock price for an option is 32 $. The existence price for the maturity period of 6 

months is $20, interest rate risk free is 20% per anum, volatility of the stock is 80% per anum. 

Let the option is a European put option then find value of it. 

S=32, r=0.2, k=20,  T=0.5, 𝝈 = 𝟎. 𝟖 

Put Option 

Value 

Q=10,  P=100 Q=100, P=1000 Q=200,P=10000 

Exact 𝟏. 𝟗𝟎𝟐𝟒𝟑𝟑𝟗𝟔 𝟏. 𝟗𝟎𝟐𝟒𝟑𝟑𝟗𝟔 𝟏. 𝟗𝟎𝟐𝟒𝟑𝟑𝟗𝟔 

Crank-

Nicolson 

Scheme  

1.𝟗𝟎𝟐𝟏𝟎𝟕𝟖𝟑 𝟏. 𝟗𝟎𝟐𝟏𝟑𝟗𝟔𝟓 𝟏. 𝟗𝟎𝟐𝟏𝟐𝟓𝟏𝟓 

Exact Solution       Crank Nicolson Solution 

Iterations: q= 10   p=100 ,  100 iterations 
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Solution of crank Nicoloson    Solution of crank NiSolosons 

Iterations: q= 10  p=100 100th  iterations  Iterations: q= 10   p=100 ,   1000  iterations 

 

Conclusion: 

In this paper, the option pricing Black-Scholes equation was discussed using finite difference 

Crank-Nicolson method. Although the Black–Schales model is a simple and useful 

mathematical model for pricing European options, sometimes it is hard to get an analytical 

solution of this pricing model for practical and complex financial problems. So the use of 

numerical techniques is a crucial part of computational finance. 

The Crank–Nicolson scheme was used due to its stability, accuracy and efficiency in the 

parabolic partial differential equations. The Crank–Nicolson method enjoys the best of both 

worlds: It is numerically stable, second order accurate in time, and second order accurate in 

space. This was because Black-Scholes was a continuous equation, and needed to have a 

discrete approximation, which was solved through an iterative numerical computation. 

The acquired results indicate that the Crank-Nicolson algorithm can provide a good, reliable 

approximation of option prices. This method will converge smoothly and minimize the 
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numerical errors as compared to many of the traditional finite difference methods. Also, it is 

flexible with regard to different boundaries and initial conditions that can be associated with 

financial derivative pricing problems. 

Furthermore, the subject of the study contains information about the significance of numerical 

analysis in the current financial mathematics. B/lack and Scholes [1] and Hull [2] present a 

theory and computation on option pricing in finite difference methods, whereas Higham [3] 

and Strikwerda [11] and Wilmott et al. [12] present details about option pricing in finite 

difference methods. Also it is worth mentioning that the sophisticated numerical techniques in 

order to solve financial PDFs have been gradually more important in the recent developments 

of the numerical schemes, the modified Crank – Nicolson approaches [13,14]. 

In conclusion, Crank–Nicolson method is found to be an efficient and applicable numerical 

method for the solution of the Black Schales equation. It is also possible to use the method in 

more complex financial models, like multidimensional derivative pricing problems, barrier-

options, American-options, and stochastic volatility models. Possible future extensions of the 

present work are further improvements in the computation efficiency, minimization of 

discretization errors, and also the inclusion of the recent advances in the fields of numerical 

and quantum computations such as the simulation of large-scale financial systems. 
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